We determine the fine spectrum of the generalized difference operator B(r,s) defined by a band matrix over the sequence spaces c 0 and c, and derive a Mercerian theorem. This generalizes our earlier work (2004) for the difference operator ∆, and includes as other special cases the right shift and the Zweier matrices.
3006 On the fine spectrum of the generalized difference will be basic for an understanding of the operator T itself. Naturally, many properties of T α and T −1 α depend on α, and the spectral theory is concerned with those properties. For instance, we will be interested in the set of all α's in the complex plane such that T α is another property that will be essential. We will also ask for what α's the domain of T −1 α is dense in X, to name just a few aspects. A regular value α of T is a complex number such that T −1 α exists and is bounded and whose domain is dense in X. For our investigation of T, T α , and T −1 α , we need some basic concepts in the spectral theory which are given as follows (see [8, pages 370-371] ).
The resolvent set ρ(T,X) of T is the set of all regular values α of T. Furthermore, the spectrum σ(T,X) is partitioned into the following three disjoint sets.
The point (discrete) spectrum σ p (T,X) is the set such that T α is not dense in X. To avoid trivial misunderstandings, let us say that some of the sets defined above may be empty. This is an existence problem which we will have to discuss. Indeed, it is wellknown that σ c (T,X) = σ r (T,X) = ∅ and the spectrum σ(T,X) consists of only the set σ p (T,X) in the finite-dimensional case.
From Goldberg [6, pages 58-71] , if X is a Banach space and T ∈ B(X), then there are three possibilities for R(T) and for Let A = (a nk ) be an infinite matrix of complex numbers a nk , where n,k ∈ N, and write
where D 00 (A) denotes the subspace of w consisting of x ∈ w for which the sum exists as a finite sum. More generally, if µ is a normed sequence space, we can write D µ (A) for x ∈ w for which the sum in (1.3) converges in the norm of µ. We will write
for the space of those matrices which send the whole of the sequence space λ into µ in this sense. Our main focus in this note is on the band matrix A = B(r,s), where
We begin by determining when a matrix A induces a bounded operator from c to c. We summarize the knowledge in the existing literature concerned with the spectrum of the linear operators defined by some particular limitation matrices over some sequence spaces. Wenger [13] examined the fine spectrum of the integer power of the Cesàro operator in c and Rhoades [12] generalized this result to the weighted mean methods. The fine spectrum of the Cesàro operator on the sequence space p has been studied by González [7] , where 1 < p < ∞. The spectrum of the Cesàro operator on the sequence spaces c 0 and bv have also been investigated by Reade [11] , Akhmedov and Başar [1] , and Okutoyi [10] , respectively. The fine spectrum of the Rhaly operators on the sequence spaces c 0 and c has been examined by Yıldırım [15] . Furthermore, Coşkun [4] has studied the spectrum and fine spectrum for p-Cesàro operator acting on the space c 0 . More recently, de Malafosse [5] and Altay and Başar [2] have, respectively, studied the spectrum and the fine spectrum of the difference operator on the sequence spaces s r and c 0 , c; where s r denotes the Banach space of all sequences x = (x k ) normed by
In this work, our purpose is to determine the fine spectrum of the generalized difference operator B(r,s) on the sequence spaces c 0 and c, and to give a Mercerian theorem. The main results of the present work are more general than those of Altay and Başar [2] .
The spectrum of the operator B(r,s) on the sequence spaces c 0 and c
In this section, we examine the spectrum, the point spectrum, the continuous spectrum, the residual spectrum, and the fine spectrum of the operator B(r,s) on the sequence spaces c 0 and c. Finally, we also give a Mercerian theorem. 
in the kth place for k ≤ n and zero otherwise. Thus, we observe that 
. . .
we find that if x n0 is the first nonzero entry of the sequence x = (x n ), then α = r and
for all k ∈ N. This contradicts the fact that x n0 = 0, which completes the proof. Proof. For this, we prove that the operator B(r,s) − αI has an inverse and Proof. This is obtained in the similar way that is used in the proof of Theorem 2.1. Proof. This is similar to the proof of Theorem 2.8 with α = r + s such that |α − r| = |s|.
Since the fine spectrum of the operator B(r,s) on c can be derived by analogy to that space c 0 , we omit the detail and give it without proof. Therefore, we have Proof. It is known by Cartlidge [3] that if a matrix operator A is bounded on c, then σ(A,c) = σ(A, ∞ ). Now, the proof is immediate from Theorem 2.10 with A = B(r,s).
Subsequent to stating the concept of Mercerian theorem, we conclude this section by giving a Mercerian theorem. Let A be an infinite matrix and the set c A denotes the convergence field of that matrix A. A theorem which proves that c A = c is called a Mercerian theorem, after Mercer, who proved a significant theorem of this type [9, page 186] . Now, we may give our final theorem. Since A is a triangle and is in B(c), A −1 is also conservative which implies that c A = c; see [14, page 12] .
